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Abstract 

We give an explicit proof of the result that non trivial conserved n — 2 forms for 
a spin 2 field on a background corresponding to a solution to Einstein's equation 
(with or without cosmological constant) are characterized uniquely by the Killing 
vector fields of the background. 
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In dimensions n > 2, a consistent theory for a spin 2 field h^ v on an Einstein space- 
time background can be constructed by taking the quadratic part of the expansion of 
the Einstein-Hilbert action, 



%]= l(b / rfna; V^0R-2A), (1) 
around a given background solution g^ u . If g^ u = g^ u + h^ u , 

S {2) [h; g} = ^-Jd n x v f\g~\(- \D^h^D x h^ + D x h, v D^ x - D u hD,h^ 

+ l -D x hD x h + -A_ (2 - /> 2 )) , (2) 



where together with its inverse g^, is used to lower and raise the indices, h = 
and denotes the associated covariant derivative. In particular, the diffeomorphism 
invariance of the Einstein-Hilbert implies the invariance of the action (j2J) under the gauge 
transformations 

S^hfu, = L^g^ v , (3) 

with arbitrary parameters 

An n — 2 form k that depends on the space-time coordinates x M , the fields h a and a 
finite number of their derivatives 1 is conserved if 

dk w . (4) 

Here d is the so-called exterior or horizontal differential defined by 

while ~ means an equality that holds "on-shell", i.e., for all solutions of the Euler- 
Lagrange equations associated to (J2J). A conserved n — 2 form k is defined to be trivial 
if 

k dm , (5) 

for some n — 3 form m, and two conserved n — 2 forms are considered equivalent if they 
differ by a trivial conserved n — 2 form. By definition, these equivalence classes are 
elements of H"^(d), the characteristic cohomology of d in form degree n — 2 (see e.g. 
13 El EI), which we consider here as a vector space over R. 

Our aim in this note is to compute the cohomology group H^^(d) for the equations 
of motion associated to the action (J2J). The result of this computation has been originally 
presented in Pj. However, since the detailed proof is not given and does not seem to be 
readily available in the literature, we will fill this gap below. 

There are several reasons why the group H^^(d) is relevant. 

: A11 forms that we consider below are supposed to have this kind of dependence. In the context of 
the variational bicomplex (see e.g. 0121310] for more details), such forms are called horizontal forms. 
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In the context of the spin 2 theory itself, conserved n — 2 forms give rise, upon 
integration over closed n — 2 dimensional surfaces C n ~ 2 and evaluation for a given 
solution, to charges that depend only on the homology class of C n ~ 2 and the equiv- 
alence class of k. 

For space-times g^ v that asymptotically near some boundary approach the back- 
ground metric g^, the appropriate generalization to the asymptotic context of 
the forms k can be used to define boundary charges that give information on the 
properties of the space-times in the bulk (see e.g. [HI] 19] ITT]). 

Alternatively, if g^ u denotes a given solution, like a Kerr black hole for instance, and 
9/j.u + h[iv an infinitesimal perturbation of this solution, then the charges associated 
to k are the same when evaluated on 2 closed n — 2-dimensional hypersurfaces 
that are the boundary of some n — 1-dimensional hypersurface. This property has 
been used in by using the 2-sphere at infinity and the bifurcation 2-sphere of 
a Killing horizon to derive the first law of black hole mechanics. 

Recently an improved version of the forms k has been shown to be useful in full 
general relativity to compute the boundary charges on surfaces in the bulk and to 
interpolate between solutions that are not infinitesimally close JTT 



• For the problem of consistently deforming the theory described by (0) and (JSJ) 
(or several copies of it), the characteristic cohomology in form degree n — 2 is 
related to deformations that modify the algebra of the gauge transformations (j3J) 
in a non trivial way. Indeed, a cohomological formulation ^3] (see also f5J EI]) 
of the problem of consistent deformations of gauge theories ^7] shows that first 
order deformations are controlled by the local BRST cohomology group in ghost 
number 0. In turn, an important ingredient in the computation of this group is 
the cohomology group H%(S\d) of the Koszul Tate differential 5, associated to the 
resolution of forms pulled-back to the surface defined by the equations of motion, 
modulo the horizontal differential d. This last group is directly related to non 
trivial deformations of the gauge algebra and can be shown jTH] to be isomorphic 
to the characteristic cohomology in degree n — 2. 

The deformation problem for a collection of spin 2 fields on a flat background has 
been considered in details in ^!5] • The results obtained below are a straightforward 
generalization to the curved case of the results discussed in the proof of theorem 

4.2 of ng. 

We now prove that the fields and their derivatives can be split into independent 
variables t/A not constrained by the equations of motion and a set of variables z a , in 
one-to-one correspondence, at each order of the number of derivatives involved, with the 
independent equations of motion [see jTHJ, section 3]. In finding such a split, one has to 
bear in mind that due to the Noether identities associated to the gauge transformations 
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not all equations of motions are independent. Indeed the equations defined by 

{C A } = {<%77— , d p d —— , d pl d P2 d —— , . . . , } (6) 

can be considered as dependent equations that hold as a consequence of the remaining 
equations 

6S {2) 6S (2) 5S (2) 
{-^a} = {t7 '^fc — ,d kl d k2 — , . . . , 

dhfj.u otiov oh 0u 



, 6S® a a 6S&> 

"'"win "''"mn 

where Greek indices run from to n — 1, while Latin indices run from 1 to n — 1. In 
fact, the equations defined by {£ a } will be shown below to be all independent by solving 
them for independent variables {z a }. At the same time, this allows us to show that the 
irreducible set of gauge transformations © is in fact a generating set. 
First we note that the equations of motion can be reexpressed as 

5S^ J\q\ 1 



where 



5h uu 32vr v 2 



n — 2 



and K = g uv K^ u . Thus the equations defined by 5S^ jbh nv and their derivatives are 
equivalent to those defined by K^ v and their derivatives. Because the Noether identities 
in terms of K^ v can still be solved for doK 0u , there is a similar split into and {K a } 

as the one into {£a} and {C a }. If we assume the diagonal contravariant elements of 
the metric everywhere non zero 2 , i.e., 7^ for \i — 0, . . . , n — 1, we may introduce 
variables z a such that z a = Z a [Kb,yA], where 

{z a } = { d d hkh dpdodohku d Pl d P2 d d h kh . . . , 

d d! h 22 , dkdodx h 22 , d kl d k2 <9 <9i h 22 . . . } 

with the independent variables, not constrained by the equations of motion, chosen as 

{va} = { h^dph^, 

d m d p h k i, d mi d m2 d p h k j, . . . , 
d Pl d P2 h 01 , d Pl d P2 d P3 h i, . . . , 
d P d h x, d Pl d P2 doh x, . . . , 
dkdih x, d^d^dihox, ■ ■ ■ , 
dkd h 2 2, d kl d k2 d h 22 , . . . , 
d kl dk 2 h 22 , dk 1 dk 2 dk 3 h22, ■ ■ ■ }■ 



2 This can always be done locally by choosing for instance a normal geodesic coordinate system. 
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Here barred Greek indices run from to n — 1 without taking the value 1 and barred 
Latin indices run from 2 to n — 1 while tilded Latin indices run from 1 to n — 1 without 
taking the value 2. One can see that the set of i/a variables is stable with respect to the 
df derivatives : for any variable jja, the derivative djyA belongs to the set of y- variable. 
Accordingly the ua variables can be ordered according to their number m of derivatives 
of type dj. Thus the "Cauchy order" of this perturbation theory is, at most, equal to 
2. Let us notice that the same result can be obtained if we assume that globally the 
background metric verifies the conditions: g 01 ^ and g n ^ 0. 

After these preliminary considerations, the first step in the computation of H^^(d) 
is the characterization of the isomorphic group H%(5\d) (see section 6.2 of [201)- For 
irreducible linear gauge theory, the latter group can be shown to be given by equivalence 
classes of field dependent gauge parameters such that the corresponding gauge transfor- 
mations are antisymmetric combinations of the equations of motion, with two parameters 
being equivalent if they coincide on-shell (see (2H| theorem 6.7, which applies not only 
to normal but also to linear irreducible gauge theories such as the one considered here). 
Explicitly, we need to characterize the vector space Span^ { j defined by 

DJ u + DJ^ as , /„~/ M + t„ , t^O , (9) 

where f ^ depend on x u , h\ p and a finite number of their derivatives while ~ as denotes 
antisymmetric combinations of the equations of motion in the sense of (6.25) of [2*U] . 

In particular, f ^ satisfies F pu = D^fy + Dyf^ « 0. Applying D x one gets D x F pu « 0. 
Adding D^F Xv « 0, subtracting D u F Xp ~ 0, using [D a ,Dp\f 1 = —R 5 a i3-ifs three times, 
gives, by using in addition the symmetry properties of the Riemann tensor, 

W + ^/»«o . (io) 

By using the freedom of adding terms that vanish when the equations of motion hold, 
one can assume that f ^ = f^x, y), where f^(x, y) depends on the dj derivatives of up 
to some maximum order M. By taking A, fi > 2 in (|T0j) and considering the dependence 
of f v on yA of maximum order, (|Tnj) implies that f u cannot depend on the variables yA of 
order M. Hence, by induction, f v cannot depend on the variables yA at all, and we have 
shown that / M = f fl (x)+t fl . Furthermore, f^x) ~ implies / M (x) = 0, so that a solution 
ffj,(x) is trivial if and only if it vanishes. For / M (x), the equation D p f u + D u f p ^a as 
reduces to 

AJ", + A^ = o, (li) 

which is the Killing equation for g pv . 

Hence, we have explicitly shown that H™^(d) is isomorphic to the vector space of 
Killing vectors £ M of g pv . 

The construction of associated [kg] of H^~^(d) is explained from a general point of 
view in jTT], section 3, while section 6.3.1 contains the explicit expressions for the case 
at hand and recovers those originally obtained in [TTH IT2"1 l9~j. 
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